In the context of the determination of stellar properties using asteroseismology, we study the influence of rotation and convective-core overshooting on the properties of red-giant stars. We used models in order to investigate the effects of these mechanisms on the asymptotic period spacing of gravity modes (∆Π 1 ) of red-giant stars that ignite He burning in degenerate conditions (M 2.0 M ⊙ ). We also compare the predictions of these models with Kepler observations. For a given ∆ν, ∆Π 1 depends not only on the stellar mass, but also on mixing processes that can affect the structure of the core. We find that in the case of more evolved red-giant-branch (RGB) stars and regardless of the transport processes occurring in their interiors, the observed ∆Π 1 can provide information as to their stellar luminosity, within ∼10-20%. In general, the trends of ∆Π 1 with respect to mass and metallicity that are observed in Kepler red-giant stars are well reproduced by the models.
INTRODUCTION
In recent years, a great amount of asteroseismic data has been obtained by the CoRoT and Kepler space missions for a large sample of red giants (e.g., De Ridder et al. 2009; Borucki et al. 2010) . One of the most important breakthroughs resulting from these missions is the detection of non-radial mixed-mode oscillations in red giants, which contribute to the determination of the precise evolutionary phases of giant stars (e.g., Bedding et al. 2011; Stello et al. 2013; Mosser et al. 2014 ). This adds invaluable and independent constraints to stellar models. In particular, the comparison between models that include a detailed description of transport processes in stellar interiors and asteroseismology, in addition to spectroscopy, opens a promising new path for developing our understanding of stars (e.g. Lagarde et al. 2015) . Indeed, asteroseismology has also been widely used to estimate stellar properties (e.g. stellar mass, radius, and distance), providing a fundamental contribution to the characterization of planet hosting stars (e.g. Huber et al. 2013; Johnson et al. 2014 ) and stellar populations ). Rotation and convective-core overshoot are two examples of a number of key processes that change all the outputs of stellar models, with a significant impact on asteroseismic observables (e.g. Eggenberger et al. 2010 ; ⋆ E-mail: lagarde@bison.ph.bham.ac.uk Lagarde et al. 2012; Montalbán et al. 2013; Bossini et al. 2015; Constantino et al. 2015) . Consequently, transport processes can have a significant impact on the determination of planet and star masses. In this paper, we focus on the effects of rotation and overshooting on the asteroseismic modelling of first-ascent red giants (M≤2.0 M⊙) that ignite He burning in degenerate conditions by comparing stellar models that include shellular rotation or overshoot to non-rotating models. We examine the asymptotic period spacing of gravity modes, ∆Π1, probing the stellar interiors. The influence of rotation and overshoot on the determination of the global properties of red-giant stars are investigated along the red giant branch using two evolutionary codes. A comparison with the observations of the Kepler mission is presented.
STELLAR EVOLUTION MODELS

Physical inputs
Stellar models are computed using STAREVOL (e.g. Lagarde et al. 2012 ) and adopting solar metallicity (with the chemical composition by Asplund et al. 2009 ) for a range of masses between 1.0 and 2.0 M⊙. In order to quantify the impact of each transport process at the various evolutionary phases, we computed models by adopting the following assumptions: (1) standard models (no mixing mechanism other than convection); (2) models that include overshoot Figure 1 . Theoretical evolution tracks in the Hertzsprung-Russel (HR) diagram for models at 3 stellar mass (1.4, 1.6, and 2.0 M ⊙ ) at solar metallicity. In the left panel, the tracks are shown for standard models computed using the STAREVOL and MESA codes (dash-dotted and solid lines, respectively) from the zeroage main sequence. The right panel shows models computed using STAREVOL that include rotation-induced mixing effects (at two velocities), overshooting, and standard models.
with a parameter dover/Hp of 0.2 at the Schwarzschild's border (Maeder 1975) ; (3) models including rotation-induced mixing with VZAMS=50 km.s −1 (which corresponds to 13% and 12% of the critical velocity for 1.0 and 2.0 M⊙, respectively) and VZAMS=250 km.s −1 (∼0.62Vcrit for 1.8-2.0 M⊙ stars). These models include the transport of angular momentum and chemicals by meridional circulation and shear turbulence, following the formalism of Zahn (1992) and Maeder & Zahn (1998) . A more detailed description of the model used to describe rotation can be found in Lagarde et al. (2012) . We also computed two sets of stellar models with alpha-enrichment ([α/Fe]=0.21 and 0.15; Sect.4).
From the H-burning phase to the RGB
In the set of models that were constructed, it is possible to distinguish between two evolutionary regimes on the subgiant branch, depending on the core structure and mass (Kippenhahn & Weigert 1990) : (1) stars with M 1.8 M⊙ (hereafter referred to as low-mass stars; LMS) have a core mass fraction smaller than the Schönberg-Chandrasekhar limit (SCL) at the end of the central H-burning phase. Then H burning continues in a thick shell until the core mass reaches the SCL. This phase may last for a significant fraction of the H-burning phase. (2) Stars with masses M 1.8 M⊙ (hereafter referred to as intermediate-mass stars; IMS) have a core mass greater than the SCL at the end of the main sequence, and the core contracts at the KelvinHelmoltz timescale. This limit in the mass can change with metallicity and transport processes. These stars then immediately experience central contraction, which is accompanied by envelope inflation and brings the star to the red giant stage. This distinction was also apparent in the ∆Π1-∆ν diagram of the red giants observed by the Kepler mission Stello et al. 2013 ).
The asymptotic period spacing of g modes
The period spacing of dipolar g modes can be approximated by the asymptotic relation (Tassoul 1980 
,where N is the Brunt-Väisälä frequency and r1 and r2 define the domain (in terms of the radius) where g modes are trapped. Therefore, ∆Π1 provides information about the detailed properties of the stellar core and has a unique capability to constrain stellar models (Mosser et al. 2012; Montalbán et al. 2013; Lagarde et al. 2012) . Moreover, the observed values of ∆Π1 and ∆ν are frequently used to obtain a first estimate of stellar mass and age from stellar models (e.g. Deheuvels et al. 2012; Johnson et al. 2014; Martig et al. 2015) . In order to test the reliability of these determinations, we investigate various sources of uncertainties (see Fig. 2 ) that can affect the predicted ∆Π1 at a given ∆ν:
• We use the MESA stellar evolution code (e.g., Paxton et al. 2011 ) to compute standard and overshooting models at solar metallicity, within the same mass range and with the same chemical composition (Asplund et al. 2009 ) as was used in STAREVOL. Despite the fact that the two codes adopt different prescriptions (e.g. the equation of state and nuclear reaction rates), we note that when similar mixing prescriptions are adopted, the differences in ∆Π1 are less than 2.5% for LMS and less than 1% for IMS (Figs.1&2).
• An uncertainty of ±0.15 µHz on ∆ν implies approximately 1% difference in ∆Π1 (top-right panel of Fig. 2 ).
• A change of ±0.2 dex (the typical uncertainty on the metallicity) on [Fe/H] (see middle-left panel of Fig. 2 ) has a minor impact on the theoretical ∆Π1 (less than ∼2% for the whole mass range).
• We then investigate the effects of a typical error of 100 K on the T eff due to either observational uncertainties or theoretical predictions (for further details, see Cassisi 2014 and references), obtaining a change in ∆Π1 of less than 2% for LMS and 3% for IMS (Fig. 2 , middle-right panel).
All these sources of uncertainty are smaller than the effects of rotation and overshooting (see the bottom panel of Fig. 2 ), especially if we consider IMS (∼10% on ∆Π1). In addition, when the velocity at the zero-age main sequence (ZAMS) increases, the relative difference in ∆Π1 increases (∼6% at VZAMS=50 km.s −1 and ∼18% at VZAMS=250 km.s −1 for a 2.0 M⊙ star at ∆ν=15 µHz). For the following discussion, we focus on solar metallicity.
DETERMINING THE PROPERTIES OF RGB STARS FROM ∆Π1
Standard models
Figure 3 (upper panel) shows ∆Π1 as a function of stellar mass, for standard prescriptions (filled black circles) at ∆ν=13.5 µHz. ∆Π1 shows almost the same value for stars with masses lower than ∼1.6 M⊙, while it begins to differ at higher masses. The higher the mass, the later (in terms of luminosity) the stars reach similar central conditions in terms of density and temperature. Consequently, the asymptotic period spacing of g modes of IMS does not follow the same relation with the luminosity as that of LMS (see Fig. 4 ). Figure 3 (lower panel) also shows the prescription at lower ∆ν=7µHz, where the limit in the mass is located at M∼1.8 M⊙.
During the first dredge-up, the convective envelope deepens inside the star, while the degenerate He core contracts. This results in changes in the g mode cavity (in terms of its size and density), and reduces the value of ∆Π1. The monotonic increase of the stellar luminosity along the RGB then momentarily stops when the hydrogen-burning shell (HBS) crosses the molecular weight barrier left behind by the first dredge-up. At that moment, the mean molecular weight of the HBS decreases, which implies a decrease of the total stellar luminosity. This is referred to as the bump in the luminosity function (see Fig. 4 for the drop in the luminosity at ∆Π1 ∼60 s). When the region of nuclear energy production has completely passed this discontinuity, the stellar luminosity increases again. During these changes in the stellar luminosity, the He-core continues to grow and then ∆Π1 decreases. Two regimes in the ∆Π1-L diagram can also be distinguished before and after the bump luminosity (Fig. 4): • From the bump luminosity to the RGB tip, the value of ∆Π1 is directly related to the degenerate He core properties (right panel of Fig. 4 ). In addition, the properties of the shell and therefore the stellar luminosity are mainly determined by the mass and the radius of the degenerate He core (Kippenhahn & Weigert 1990 ). This implies a univocal relation between ∆Π1 and L (see Fig. 4 ).
• For stars with M 1.7 M⊙, this relation can also be used slightly before the bump luminosity (in the range between ∼12 L⊙ and ∼60 L⊙) in order to deduce the stellar luminosity from the observed value of ∆Π1, since their cores already satisfy the strong degeneracy condition.
Since this method uses only ∆Π1, the inferred luminosity (and distance) is independent of the standard method that employs the seismic radius . A detailed comparison of these two methods will be useful in the case of stellar clusters or field stars that were observed by Hipparcos. This will not be discussed in this letter. However, we should keep in mind that at low ∆ν (i.e. a high luminosity on the RGB), when gravity-dominated mixed modes have high inertias, detecting ∆Π1 becomes challenging (Grosjean et al. 2014 ). Prior to this stage, the effects of different transport processes (see Sect.3.2 and Figs.4&5) should be taken into account while determining stellar mass using the observed ∆Π1 and ∆ν (e.g. Deheuvels et al. 2012; Johnson et al. 2014 ).
Rotating and overshooting models
The effects of rotation on the size of the He core at the end of the main sequence are similar to the effects of overshooting. During the main sequence, rotation-induced mixing brings fresh hydrogen fuel into the longer-lasting convec- tive core and transports the H-burning products outwards. This results in a more massive helium core at the turnoff than in the standard case. This effect also shifts the tracks toward higher effective temperatures and luminosities (e.g. Ekström et al. 2012) , as well as larger ∆Π1 at given ∆ν throughout their evolution (Fig. 3) . Rotating and overshooting models behave like stars with higher masses throughout their evolution. However, overshooting models cannot mimic the impact of rotation on stellar nucleosynthesis. In fact, rotation modifies the internal and surface chemical abundances during the main sequence (e.g. Palacios et al. 2006; Charbonnel & Lagarde 2010) , which results in smoother chemical profiles. As a consequence, at a given ∆ν, the behaviour of the Brunt-Väisälä frequency differs from those of the standard and overshooting models. Because of changes in the mean molecular weight, the Brunt-Väisälä frequency is slightly larger in rotating models. Since a 1.0 M⊙ star has no convective core during the main sequence, overshooting plays no role, contrary to rotation that changes its chemical properties. This explains why models with rotation exhibit an impact on ∆Π1, as shown in Fig. 3 . For the same reasons, at a given ∆ν in Fig. 3 , the stellar mass for which ∆Π1 is at its lowest value changes with rotation. At the end of the first dredge-up, the convective envelope removes the changes in the Brunt-Vaïsälä frequency that were induced by rotation. The measurement of ∆Π1 in red-giant stars brighter than the bump luminosity can give an accurate measurement of their stellar luminosity, regardless of the physical processes occurring on the stellar interior at this stage (see Fig. 4 ). This also provides the He core properties (mass and radius). Assuming an uncertainty of ±2 s on ∆Π1, the typical uncertainty of the luminosity determination increases along the RGB, from 9% for LMS, before the bump luminosity, to ∼25% immediately after the bump luminosity. Although IMS RGB stars are not numerous, our models reproduce well the observations for the whole mass range. The lack of observations at higher masses prevents any confirmation of the dispersion of ∆Π1 for IMS that was predicted by the rotating and overshooting models. For the case of LMS, models reproduce the observed ∆Π1, independent of the transport process. In Fig. 6 , we compare our theoretical predictions with four stars that were observed by the Kepler mission. The observed ∆Π1 and the stellar mass obtained from scaling relations from ∆ν and the frequency of maximum oscillation power, νmax (M SR) are available.
COMPARISON WITH OBSERVATIONS
• Kepler -432 is an evolved star (∆Π1 = 89.9±0.3 s; ∆ν=18.59 µHz; MSR=1.36±0.06 M⊙) and hosts three planets (Quinn et al. 2014 ). In our computations, standard and rotating models could not reproduce these observations. On the other hand, overshooting models appear to show a possible agreement if we consider a stellar mass that is between 1.45 M⊙ and ∼1.55 M⊙. The lower limit (∼1.45 M⊙) is consistent with the mass that was deduced from the scaling relations.
• HD185351 is a giant star (∆Π1=104.7±0.2 s; ∆ν=15.4 µHz; MSR = 1.87±0.18 M⊙) and hosts giant planets (Johnson et al. 2014 ). The standard model provides a mass very close to M SR, while the rotating and overshooting models provide a lower value (M ≈1.7 M⊙). These determinations are consistent with a mass that is higher than 1.5 M⊙, as was underlined by Johnson et al. (2014) . However, we need more information about the surface and the corerotation rates in order to accurately compare observations with rotating models. This case shows the importance of rotation (or overshooting) in the determination of stellar mass with ∆Π1 and ∆ν, for early-RGB stars. • KIC4350501 (∆Π1 = 69.3±0.1 s; ∆ν=11.03 µHz; M SR = 1.65 ± 0.2 M⊙) and KIC3455760 (∆Π1 = 64.3±3 s; ∆ν=4.85 µHz; M SR = 1.49±0.16 M⊙) are APOKASC red-giant stars that were studied by Martig et al. (2015) in the context of young α-rich stars. We computed specific models representative of the metallicity of these two stars at [Fe/H]=−0.10±0.03 with [α/Fe] = 0.21±0.05 for KIC4350501; and at [Fe/H]=0.01±0.03 with [α/Fe] = 0.15±0.04 for KIC3455760. In the case of KIC4350501, we note that our standard and overshooting models cannot reproduce the low observed values of ∆Π1. Because of its very small uncertainty, we cannot obtain mass limits from our comparisons. The ∆Π1 and ∆ν of KIC3455760 cannot provide a unique mass determination.
CONCLUSIONS
We investigated the effects of rotation-induced mixing and overshooting on the theoretical determination of ∆Π1 for LMS and IMS (M ≤2.0 M⊙). Contrary to the effect of overshooting, rotation-induced mixing has an impact on the value of ∆Π1 for stars without a convective core during the main sequence (for 1.0 M⊙ at ∆ν=15 µHz, ∆Π1 is ∼6 s longer). We evaluated the important effects of rotation and overshooting in terms of the determination of stellar mass using ∆Π1 and ∆ν. Determinations can differ up to a value of 0.2 M⊙. We ascertained that in certain cases, ∆Π1 and ∆ν do not provide a unique solution for the stellar mass. Regardless of the transport processes occurring in their interior, the observed ∆Π1 for RGB stars above the bump luminosity provides an indirect measurement of the stellar luminosity (and therefore, the distance), with an uncertainty between ∼9% and 25% before and after the bump luminosity, respectively, as well as information on the properties of their degenerate He cores. Our predictions are confirmed by comparison with very recent measurements of ∆Π1 for Kepler -observed red-giant stars (Vrard et al., submitted) .
As accurate determinations of stellar properties are needed in other domains of astrophysics, such as those concerning exoplanets or galactic studies, it is crucial to take into account the effects of transport processes in order to improve the accuracy of the estimation of stellar properties from seismic observations.
